Economic and Statistical Measures of Forecast Accuracy by Granger, Clive W. J. & Pesaran, M. Hashem
Hfrqrplf dqg Vwdwlvwlfdo Phdvxuhv ri
Iruhfdvw Dffxudf|
Folyh Z1M1 Judqjhu
Xqlyhuvlw| ri Fdoliruqld/ Vdq Glhjr
P1 Kdvkhp Shvdudq
Wulqlw| Froohjh/ Fdpeulgjh
Pd| 4<<<
Devwudfw
Wklv sdshu dujxhv lq idyrxu ri d forvhu olqn ehwzhhq wkh ghflvlrq dqg
wkh iruhfdvw hydoxdwlrq sureohpv1 Dowkrxjk wkh lghd ri xvlqj ghflvlrq wkhru|
iru iruhfdvw hydoxdwlrq dsshduv hduo| lq wkh g|qdplf vwrfkdvwlf surjudp0
plqj olwhudwxuh/ dqg kdv frqwlqxhg wr eh xvhg zlwk phwhrurorjlfdo iruhfdvwv/
lw lv kdugo| phqwlrqhg lq vwdqgdug dfdghplf wh{wv rq hfrqrplf iruhfdvwlqj1
Vrph ri wkh pdlq lvvxhv lqyroyhg duh looxvwudwhg lq wkh frqwh{w ri d wzr0vwdwh/
wzr0dfwlrq ghflvlrq sureohp dv zhoo dv lq d pruh jhqhudo vhwwlqj1 Uhodwlrq0
vklsv ehwzhhq vwdwlvwlfdo dqg hfrqrplf phwkrgv ri iruhfdvw hydoxdwlrq duh
glvfxvvhg dqg xvhixo olqnv ehwzhhq Nxlshuv vfruh xvhg dv d phdvxuh ri iruh0
fdvw dffxudf| lq wkh phwhrurorj| olwhudwxuh dqg wkh pdunhw wlplqj whvwv xvhg
lq qdqfh duh hvwdeolvkhg1 Dq hpslulfdo dssolfdwlrq wr wkh sureohp ri vwrfn
pdunhw suhglfwdelolw| lv dovr surylghg/ dqg wkh frqglwlrqv xqghu zklfk vxfk
suhglfwdelolw| frxog eh h{sorlwhg lq wkh suhvhqfh ri wudqvdfwlrq frvwv duh glv0
fxvvhg1
MHO Fodvvlfdwlrqv= F43/ F53/ F55
Nh| Zrugv= Ghflvlrq wkhru|/ iruhfdvw hydoxdwlrq/ suredelolvwlf iruhfdvwv/
hfrqrplf dqg vwdwlvwlfdo phdvxuhv ri iruhfdvw dffxudf|/ vwrfn pdunhw suh0
glfwdelolw|1
D suholplqdu| yhuvlrq ri wklv sdshu zdv suhvhqwhg dw d phhwlqj ri wkh Ur|do Phwhrur0
orjlfdo Vrflhw|/ Orqgrq/ Ghfhpehu 4<<;1 Dgguhvv iru fruuhvsrqghqfh= Folyh Z1M1 Judqjhu/
Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Fdoliruqld/ Vdq Glhjr/ Od Mrood/ FD <53<60383;/
XVD/ Who= +94<, 86706;78/ Id{= +94<, 8670:373> ru P1 Kdvkhp Shvdudq/ Idfxow| ri Hfr0
qrplfv dqg Srolwlfv/ Xqlyhuvlw| ri Fdpeulgjh/ Vlgjzlfn Dyhqxh/ Fdpeulgjh/ FE6 <GG/
H0Pdlo= kdvkhp1shvdudqChfrq1fdp1df1xn1
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4 Lqwurgxfwlrq
Wkh olwhudwxuh rq iruhfdvw hydoxdwlrq lq hfrqrphwulfv kdv ehhq sulpdulo| frq0
fhuqhg zlwk vwdwlvwlfdo dffxudf| phdvxuhv ri srlqw iruhfdvwv/ dqg olwwoh dwwhq0
wlrq kdv ehhq sdlg wr wkh hfrqrplf lpsruwdqfh ri wkhvh iruhfdvwv1 Iruhfdvwv
duh qrw pdgh lq lvrodwlrq exw duh ghvljqhg iru xvh lq ghflvlrq pnlqj dqg vr
wkhuh lv qhhg iru frqvlghudwlrq ri wkh lqwhudfwlrq ehwzhhq wkh prghohu zkr
surgxfhv iruhfdvwv dqg wkh ghflvlrq pdnhu zkr frqvxphv wkhp1 Lw zrxog
jhqhudoo| eh frqvlghuhg lqdssursuldwh iru d prgho wr eh exlow vshflfdoo| iru
d vlqjoh xvhu/ vxfk dv d wklqn0wdqn exloglqj d pdfur prgho iru d sduwlfxodu
srolwlfdo sduw|/ wkhq iruhfdvwv pd| eh eldvhg lq zd|v wkdw wkh ex|hu zrxog olnh
wr khdu1 Fohduo| wklv frxog kdsshq zlwk d iruhfdvwlqj prgho exlow lq0krxvh
iru d frpsdq|1 Udwkhu/ zh zloo frqvlghu d prgho exlow e| dq lqghshqghqw
surylghu zkrvh iruhfdvwv pd| srwhqwldoo| eh xvhg e| pdq| ghflvlrq pdnhuv1
D ghflvlrq wkhruhwlfdo dssurdfk lv wkhq dssursuldwh iru iruhfdvw hydoxdwlrq e|
hdfk ghflvlrq pdnhu1 Wklv dssurdfk zloo eh sduwlfxoduo| xvhixo iru frpsdulqj
wkh uhodwlyh xvhixoqhvv ri iruhfdvwv iurp glhuhqw prghov1 Dowkrxjk wkh lghd
ri xvlqj ghflvlrq wkhru| iru iruhfdvw hydoxdwlrq dsshduv hduo| lq wkh g|qdplf
vwrfkdvwlf surjudpplqj olwhudwxuh/ Zklwh +4<99,/ dqg kdv frqwlqxhg wr eh
xvhg zlwk phwhrurorjlfdo iruhfdvwv/ dv glvfxvvhg e| Ndw} dqg Pxusk| +4<<:,
dqg srvvleo| hovhzkhuh/ lw lv kdugo| phqwlrqhg lq vwdqgdug dfdghplf wh{wv
rq iruhfdvwlqj vxfk dv Er{ dqg Mhqnlqv +4<:3,/ Judqjhu dqg Qhzerog +4<::/
4<;9,/ dqg Fohphqwv dqg Khqgu| +4<<;/ 4<<<,1 Wkh rqo| fohdu h{fhswlrq lv
wkh errn e| Wkhlo +5qg hglwlrq/ 4<93, zkrvh Vhfwlrqv ;17 dqg ;18 duh vlplodu
lq vslulw wr rxu glvfxvvlrq dowkrxjk txlwh glhuhqw lq whfkqltxh1 Wkhuh duh/ ri
frxuvh/ pdq| errnv rq ghflvlrq wkhru| exw wkh| duh uduho| skudvhg lq whupv
ri iruhfdvwlqj1 Wkhuh duh dovr d qxpehu ri h{fhswlrqv lq wkh dssolfdwlrq ri
vwdwlvwlfdo whfkqltxhv wr qdqfldo wlph vhulhv1 Ohlwk dqg Wdqqhu +4<<4,/ iru
h{dpsoh/ dujxh wkdw lq hydoxdwlrq ri vwrfn pdunhw iruhfdvwv surwv +orvvhv,
jhqhudwhg iurp xvlqj wkh iruhfdvwv duh pruh dssursuldwh wkdq wkh frqyhq0
wlrqdo vwdwlvwlfdo phdvxuhv ri iruhfdvw dffxudf|1 Vlplodu dujxphqwv duh dovr
pdgh lq Shvdudq dqg Wlpphupdqq +4<<7/ 4<<8,1
Wklv sdshu/ zklfk zloo odujho| frqvlvw ri d vlpsoh h{dpsoh frqvlghuhg lq
ghwdlo/ looxvwudwhv wkh dgydqwdjhv ri wdnlqj d ghflvlrq wkhruhwlf dssurdfk wr
iruhfdvw hydoxdwlrq1 Lq sduwlfxodu lw zloo eh vxjjhvwhg wkdw srlqw iruhfdvwv
duh riwhq ohvv dssursuldwh wkdq suhglfwlyh glvwulexwlrqv dqg wkdw hydoxdwlrq
qhhg qrw eh edvhg rq frvw ixqfwlrqv xvlqj iruhfdvw huuruv1 Wkh sdshu dovr
glvfxvvhv vrph ri wkh uhodwlrqvklsv wkdw h{lvw ehwzhhq vwdwlvwlfdo dqg hfrqrplf
phwkrgv ri iruhfdvw hydoxdwlrq1 Lw hvwdeolvkhv xvhixo olqnv ehwzhhq Nxlshuv
vfruh xvhg dv d phdvxuh ri iruhfdvw dffxudf| lq wkh phwhrurorj| olwhudwxuh
dqg wkh pdunhw wlplqj whvwv xvhg lq qdqfh1 Lq sduwlfxodu/ lw vkrzv wkdw wkh
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pdunhw wlplqj whvw vwdwlvwlf dgydqfhg lq Shvdudq dqg Wlpphupdqq +4<<5, lv
lq idfw d vwdqgdugl}hg yhuvlrq ri wkh Nxlshuv vfruh +ghqhg dv wkh glhuhqfh
ehwzhhq wkh klw dqg wkh idovh dodup udwhv, xvhg h{whqvlyho| lq wkh phwhrurorj|
olwhudwxuh1 Wkh sdshu dovr surylghv dq hpslulfdo dssolfdwlrq wr wkh sureohp
ri vwrfn pdunhw suhglfwdelolw| dqg glvfxvvhv wkh frqglwlrqv xqghu zklfk vxfk
suhglfwdelolw| frxog eh h{sorlwhg lq wkh suhvhqfh ri wudqvdfwlrq frvwv1
Wkh sodq ri wkh sdshu lv dv iroorzv= Vhfwlrq 5 vhwv xs d voljkwo| jhqhudol}hg
yhuvlrq ri wkh wzr0vwdwh/ wzr0dfwlrq ghflvlrq sureohp dqg ghulyhv wkh rswl0
pdo ghflvlrq uxoh1 Wkh sureohp ri hydoxdwlrq dqg frpsdulvrq ri iruhfdvwv lv
dgguhvvhg lq Vhfwlrq 61 Wklv vhfwlrq uhylhzv d qxpehu ri vwdwlvwlfdo phdvxuhv
xvhg lq wkh phwhrurorj| olwhudwxuh iru hydoxdwlrq ri suredelolw| iruhfdvwv/
hvwdeolvkhv olqnv ehwzhhq hfrqrplf dqg vwdwlvwlfdo phdvxuhv ri iruhfdvw dffx0
udf|/ dqg ghulyhv wkh dojheudlf uhodwlrqvkls wkdw h{lvwv ehwzhhq wkh Nxlshuv
vfruh dqg wkh pdunhw wlplqj whvw vwdwlvwlf1 Vhfwlrq 7 frqvlghuv d vlpsoh sruw0
irolr ghflvlrq sureohp/ ghulyhv vzlwfklqj uxohv ehwzhhq vwrfnv dqg erqgv lq
wkh suhvhqfh ri wudqvdfwlrq frvwv dqg surylghv vrph hpslulfdo hylghqfh rq
wkh vwdwlvwlfdo dqg hfrqrplf lpsruwdqfh ri vwrfn pdunhw suhglfwdelolw| xvlqj
gdwd iurp X1V1 vwrfn pdunhw1 Vhfwlrq 8 uhfrqvlghuv wkh sureohp ri iruhfdvw
hydoxdwlrq lq wkh frqwh{w ri d pruh jhqhudo ghflvlrq prgho1 Vhfwlrq 9 surylghv
vrph frqfoxglqj uhpdunv1
5 Hyhqw dqg Suredelolw| Iruhfdvwv lq wkh Frq0
wh{w ri d Vlpsoh Prgho
Frqvlghu d vlwxdwlrq lq zklfk wkhuh duh wzr vwdwhv ri wkh zruog/ zklfk iru
hdvh zloo eh fdoohg Edg dqg Jrrg1 D iruhfdvw zloo eh pdgh rq gd| | ri
wkh vlwxdwlrq rq gd| |/ iru dq| |1 Ohw 	Z| ghqrwh wkh iruhfdvw suredelolw| wkdw
wkh Edg hyhqw zloo rffxu rq gd| |1 Wkxv wkh iruhfdvw suredelolw| ri wkh Jrrg
hyhqw lv  eZ|1 Qrwh wkdw eZ| dqg  eZ| duh qrw srlqw iruhfdvwv ru hyhq dq
lqwhuydo iruhfdvw exw wkh zkroh glvwulexwlrq lv jlyhq iru doo srvvleoh rxwfrphv1
Rqh frxog wklqn ri dq dssolhg hfrqrplvw frqvwuxfwlqj d prgho iurp zklfk wkh
iruhfdvw suredelolwlhv duh jhqhudwhg1 Zh suhvxph wkh h{lvwhqfh ri dq dfwxdo
jhqhudwlrq surfhvv iru wkh hyhqwv dqg ohw Z| eh wkh suredelolw| ri wkh Edg
hyhqw rffxuulqj rq gd| | dffruglqj wr wklv surfhvv1 Dv dq dowhuqdwlyh wr wkh
suredelolw| iruhfdvwv/ d srlqw iruhfdvw 	5| frxog eh surylghg zlwk 	5| ’  li wkh
Edg vwdwh lv iruhfdvw wr rffxu ru 	5| ’ f rwkhuzlvh1 Vlploduo|/ 5| ’  ghqrwhv
wkh vlwxdwlrq zkhq wkh Edg hyhqw dfwxdoo| rffxuv dqg 5| ’ f rwkhuzlvh1 Wkh
hfrqrplvwv pljkw kdyh vrph uxoh ri wkxpe zklfk jlyhv 	5| ’  li eZ| h{fhhgv
vrph vshflhg suredelolw| wkuhvkrog/ R| 5 Efc 1 Dq reylrxv ydoxh lv R| ’ fD
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exw/ dv zloo eh vhhq/ rwkhu ydoxhv frxog eh xvhg1 Wkh hfrqrplf iruhfdvwhu wkxv
kdv wzr dowhuqdwlyh irupv ri iruhfdvw wr dqqrxqfh/ hlwkhu eZ|/ zklfk wdnhv vrph
ydoxh lq wkh uhjlrq f  eZ|  / dqg uhsuhvhqwv d suredelolw| iruhfdvw> ru 	5|
zklfk fruuhvsrqgv wr wkh srlqw +ru hyhqw, iruhfdvw1 Qrwh wkdw dv suhvhqwhg
	5| fdq eh ghulyhg iurp eZ| exw qrw ylfh yhuvd1 Wkh uhodwlrqvkls ehwzhhq wkh
hyhqw dqg suredelolw| iruhfdvwv fdq dovr eh zulwwhq dv 	5| ’ UEeZ|  R|/ zkhuh
wkh lqglfdwru ixqfwlrq UE/ lv ghqhg e| UE& ’  li & : f/ dqg UE& ’ f/
rwkhuzlvh1
D ghflvlrq pdnhu zloo xvh wkh iruhfdvwv wr ghflgh zkhwkhu ru qrw wr wdnh
vrph dfwlrq1 Dv dq h{dpsoh/ li wkh iruhfdvw lv wkdw sulfhv zloo ulvh e| pruh
wkdq 2DI ryhu wkh qh{w txduwhu +wkh Edg hyhqw,/ d fhqwudo edqn pd| ghflgh wr
udlvh lqwhuhvw udwhv1 Lq dqrwkhu vlpsoh h{dpsoh/ surylghg e| Vwhzduw +4<<:,/
d exloglqj frqwudfwru kdv wr ghflgh zkhwkhu ru qrw wr srxu frqfuhwh iru d
irxqgdwlrq dqg wkh ghflvlrq zloo eh edvhg rq d iruhfdvw ri zkhwkhu lw zloo
udlq wrpruurz +Edg, ru qrw1 D vlplodu h{dpsoh lv d orfdo jryhuqphqw*v urdg
dxwkrulw| zklfk kdv wr hlwkhu vdqg2vdow orfdo urdgv wr frxqwhu lflqj sureohpv
lq wkh hyhqlqj ghshqglqj rq d iruhfdvw ri d yhu| orz whpshudwxuh +Edg, ru qrw
gxulqj wkh qljkw1 Wr frqvlghu wkh lqwhudfwlrqv ri wkh vwdwhv dqg wkh ghflvlrqv/
wkhuh zloo eh d sd|r pdwul{ ri ydoxhv ru xwlolwlhv ri wkh irup
Wdeoh 4= Sd|r Pdwul{ iru d Wzr0Vwdwh/ Wzr0Dfwlrq Ghflvlrq
Sureohp
Vwdwhv + r|,
Edg Er| ’  Jrrg Er| ’ f
Ghflvlrqv +_|, \hv E_| ’  LK+E| L}+E|
Qr E_| ’ f LK?E| L}?E|
zkhuh LK+E| lv wkh hfrqrplf ydoxh wr wkh ghflvlrq pdnhu dw wlph | li wkh Edg
vwdwh rffxuv diwhu wkh \hv ghflvlrq zdv wdnhq/ LK?E| lv wkh ydoxh lq wkh Edg
vwdwh zkhq qr dfwlrq lv wdnhq dqg vr iruwk1 Wkhvh ydoxhv frxog eh xwlolwlhv exw
lq sudfwlfh lw lv riwhq hdvlhu wr wklqn ri wkhp dv phdvxudeoh txdqwlwlhv vxfk
dv ehqhwv ru frvwv1 Li wkh frqyhqwlrq lv xvhg wkdw d odujhu L lv suhihuuhg
wr d vpdoohu rqh/ wkdw d Jrrg Vwdwh surgxfhv kljkhu ydoxhv wkdq d Edg rqh/
dqg wkdw d \hv ghflvlrq surgxfhv vrph ehqhw lq wkh Edg vwdwh rqh jhwv wkh
iroorzlqj lqhtxdolwlhv=
Wdnlqj fruuhfw dfwlrq lv ehqhfldo= LK+E| : LK?E|c
Wdnlqj idovh dfwlrq lv frvwo|= L}?E| : L}+E|
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Zh vkdoo uhihu wr L}?E|  L}+E| dv wkh frvw ri wdnlqj idovh dfwlrq/ LK+E| 
LK?E| dv wkh ehqhw ri wdnlqj fruuhfw dfwlrq/ dqg ghqrwh wkh udwlr ri wkh frvw
ri wdnlqj idovh dfwlrq wr wkh ehqhw ri wdnlqj fruuhfw dfwlrq e| S|
S| ’
L}?E| L}+E|
LK+E| LK?E| : f/ iru doo |
Zh uhihu wr S| dv wkh frvw0ehqhw udwlr1
4 Wr frpsohwh wkh fkdudfwhul}dwlrq
ri wkh ghflvlrq surfhvv/ zh qhhg wr vshfli| wkh iroorzlqj irxu frqglwlrqdo
suredelolwlhv=
|c}+ ’ oJKEr| ’ fm_| ’ cl|3c
|c}? ’ oJKEr| ’ fm_| ’ fcl|3
|cK+ ’ oJKEr| ’ m_| ’ cl|3c
|cK? ’ oJKEr| ’ m_| ’ fcl|3c
zkhuh l|3 lv wkh lqirupdwlrq dydlodeoh wr wkh ghflvlrq pdnhu dw wlph | /
dqg _| dqg r| duh ghqhg lq Wdeoh 41 Lq pdq| vlwxdwlrqv wkh suredelolw| ri
wkh Edg +ru Jrrg, vwdwh dw wlph | lv lqyduldqw wr zkhwkhu dfwlrq lv wdnhq e|
wkh ghflvlrq pdnhu dw wlph |  1 Iru h{dpsoh/ zh gr qrw h{shfw wkdw rxu
ghflvlrq wr fduu| dq xpeuhood zloo dowhu wkh suredelolw| ri udlq/ ru wkh vdoh ri
rxu lqglylgxdo +vpdoo, kroglqjv ri vwrfnv lv olnho| wr fkdqjh wkh suredelolw|
ri d vwrfn pdunhw fudvk1 Lq ghflvlrq wkhru| wkhvh duh nqrzq dv jdphv sod|hg
djdlqvw qdwxuh dqg vlpsoli| wkh pdwul{ ri frqglwlrqdo suredelolwlhv wr
Z| ’ |cK+ ’ |cK? ’ |c}+ ’  |c}? +4,
Krzhyhu/ wkhuh duh fohduo| flufxpvwdqfhv zkhuh wkh suredelolw| ri wkh Edg
vwdwh rffxuulqj grhv ghshqg rq zkhwkhu dfwlrq lv wdnhq1 Doo vwudwhjlf jdph
sureohpv idoo lq wklv fdwhjru| dqg duh vxemhfw wr wkh dgglwlrqdo xqfhuwdlqw|
ri wkh hhfw ri dfwlrqv rq rxwfrphv1 Lq wklv sdshu zh vkdoo frqqh rxu
dqdo|vlv wr wkh iruphu w|sh ri ghflvlrq sureohpv dqg dvvxph wkdw wkh ghflvlrq
pdnhu frpsxwhv h{shfwhg ydoxhv ri d |hv dqg d qr ghflvlrq xvlqj dq
hvwlpdwh ri Z|/ zklfk zh ghqrwh e| 	Z|1 Wklv hvwlpdwh frxog eh edvhg rq
dq hfrqrphwulf prgho/ frxog eh sxuho| vxemhfwlyh/ ru frxog eh hvwlpdwhg
xqfrqglwlrqdoo| xvlqj vdpsoh iuhtxhqflhv nqrzq dv folpdwrorjlfdo iuhtxhqf|
lq wkh phwurorjlfdo olwhudwxuh1
4Qrwlfh wkdw fw lv lqyduldqw wr d!qh wudqvirupdwlrqv ri wkh xwlolwlhv Xlm+w,/ l @ |> q/
m @ j> e> vxjjhvwlqj wkdw xwlolwlhv duh dw ehvw phdvxudeoh iurp revhuydwlrqv rq wkh ghflvlrq
pdnhu*v dfwlrqv rqo| xs wr dq d!qh wudqvirupdwlrq1
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Xqghu wkh deryh vhw xs wkh h{shfwhg ydoxh +xwlolw|, ri wdnlqj dfwlrq lv
jlyhq e|5
LK+E|eZ| n L}+E| E eZ| c
dqg wkh h{shfwhg ydoxh ri qrw wdnlqj dfwlrq e|
LK?E|eZ| n L}?E| E eZ| c
dqg vr dfwlrq lv wdnhq li
eZ| : L}?E| L}+E|
LK+E| LK?E| n L}?E| L}+E| ’
S|
 n S|
’ ^| +5,
Dowhuqdwlyho|/ wklv frqglwlrq fdq eh zulwwhq dv
eZ|
 eZ| : S| : f +6,
Qdpho|/ dfwlrq zloo eh wdnhq li wkh suhglfwhg rggv ri wkh edg hyhqw rffxu0
ulqj h{fhhgv wkh frvw0ehqhw udwlr/ S|/ dvvrfldwhg zlwk wdnlqj dfwlrq1 Lq wkh
phwhrurorj| olwhudwxuh d vlpsoh yhuvlrq ri wkh deryh ghflvlrq sureohp lv xvhg
zkhuh ^| +wdnhq wr eh {hg, lv uhihuuhg wr dv wkh frvw0orvv udwlr1 Lq wkh
pruh jhqhudo vhw xs ri wklv sdshu zh vkdoo uhihu wr ^| dv wkh sd|r udwlr1 Lw
lv fohdu wkdw f  ^|  1 Wkh h{wuhph ydoxhv ri ^| ’ f dqg ^| ’  fruuhvsrqg
wr wkh fdvhv zkhuh frvw0ehqhw udwlr ri wkh ghflvlrq lv hlwkhu }hur ru lqqlwho|
odujh1 Dfwlrq zloo dozd|v eh wdnhq li ^| ’ f1 Rq wkh rwkhu h{wuhph dfwlrq
zloo qhyhu eh wdnhq li ^| ’ 1 Qhlwkhu ri wkhvh h{wuhphv duh ri pxfk sudfwlfdo
lqwhuhvw1 Vr lq zkdw iroorzv zh irfxv rq vlwxdwlrqv zkhuh f 	 ^| 	 1
Wkh deryh iudphzrun fdq eh uhdglo| h{whqghg wr ghflvlrq sureohpv zlwk
6 ru pruh vwdwhv dqg2ru dfwlrqv1 Dq 60vwdwh/ wzr0dfwlrq jhqhudol}dwlrq lv
frqvlghuhg lq Judqjhu dqg Shvdudq +4<<9,1 Dq h{dpsoh zlwk wzr vwdwhv dqg
wkuhh dfwlrqv lv glvfxvvhg lq Vhfwlrq 71
514 Hfrqrplf Ydoxh ri Iruhfdvwv
Wkh wlph | uhdol}hg ydoxh ri wkh hfrqrplf ehqhw ri wkh ghflvlrq edvhg rq
wkh suredelolw| iruhfdvw eZ|/ lv jlyhq e|
|EeZ| ’ LK+E|5|U EeZ|  ^| +7,
nL}+E|E 5|U EeZ|  ^|
nLK?E|5| i U EeZ|  ^|j
nL}?E|E 5| i U EeZ|  ^|j c
5Khuh iru vlpsolflw| ri h{srvlwlrq zh duh dvvxplqj wkdw Xlm+w, duh nqrzq wr wkh ghflvlrq
pdnhu zlwk fhuwdlqw|1 Exw lw lv uhodwlyho| hdv| wr uhod{ wklv dvvxpswlrq1
9
zklfk fdq dovr eh zulwwhq htxlydohqwo| dv
|EeZ| ’ @| n K|E5|  ^|U EeZ|  ^| c +8,
zkhuh
@| ’ 5|LK?E| n E 5|L}?E|c +9,
dqg
K| ’ LK+E| LK?E| n L}?E| L}+E| : f +:,
Wkh h{ dqwh hfrqrplf ydoxh ri xvlqj wkh suredelolw| iruhfdvw eZ| lv jlyhq e|6
. d|EeZ| ml|3 o ’ Z|LK?E| n E Z|L}?E| n +;,
K| EZ|  ^| UEeZ|  ^|
zkhuh rqo| wkh odvw whup/ K| EZ|  ^| UEeZ|  ^|/ ydulhv dfurvv glhuhqw iruh0
fdvwv/ eZ|1 Lw lv fohdu wkdw wklv whup fdq eh qhjdwlyh iru vrph ydoxhv ri Z|c eZ|
dqg ^|c xqohvv eZ| ’ Z|1 Gxh wr wkh glvfuhwhqhvv ri wkh hyhqw vsdfh wkh rs0
wlpxp vroxwlrq iru d sduwlfxodu uhdol}dwlrq lv qrw xqltxh1 Wkhuh h{lvwv dq
rswlpxp vroxwlrq vhw ghqhg e| doo eZ|/ zlwk ydoxhv eZ|  ^| li Z|  ^|c rueZ| 	 ^| li Z| 	 ^|1 Lq wklv vroxwlrq vhw wkh vroxwlrq eZ| ’ Z|/ li lw fdq eh
dfklhyhg/ kdv wkh sduwlfxodu dgydqwdjh wkdw lw grhv qrw ghshqg rq wkh sd|r
udwlr/ ^|/ dqg wkhuhiruh lv vxshulru wr doo wkh rwkhu vroxwlrqv1 Iru wklv uhdvrq
zh uhihu wr wkh vroxwlrq eZ| ’ Z| dv wkh vxsuhph vroxwlrq17
Lw vkrxog eh qrwhg wkdw wkh vxsuhph vroxwlrq surylghv wkh frpsohwh iruh0
fdvw glvwulexwlrq/ frqglwlrqdo rq d sduwlfxodu lqirupdwlrq vhw1 Li wkhuh duh
vhyhudo xvhuv/ zlwk glhuhqw ydoxhv ri ^|/ wkh| fdq doo xvh wkh vxsuhph iruh0
fdvwv/ exw wklv lv qrw wuxh iru rwkhu vroxwlrqv lq wkh rswlpdo vhw1 Wr rewdlq wkh
vxsuhph vroxwlrq rqh zloo qhhg wr nqrz wkh wuxh frqglwlrqdo suredelolw|
glvwulexwlrq ixqfwlrq ri wkh hyhqw> dqg wkh deryh dqdo|vlv vxjjhvwv wkdw wkh
iruhfdvwhu vkrxog dwwhpsw wr rewdlq d jrrg hvwlpdwh ri wklv suredelolw|1 Rqh
fdq ylhz wkh iruhfdvwhuv dv surgxfhuv ri jrrgv dqg wkh xvhuv ri iruhfdvwv dv
wkh frqvxphuv ri wkhvh jrrgv1 Zlwkrxw d suhflvh nqrzohgjh ri wkh sd|r
ixqfwlrqv ri wkh xvhuv ri wkh iruhfdvwv/ wkh prvw dssursuldwh frxuvh rshq wr
wkh iruhfdvwhuv lv wr gr wkhlu ehvw wr rewdlq wkh vxsuhph vroxwlrq1
6Uhfdoo wkdw wkh sd|rv Xeq+w,> Xe|+w,/ hwf1 duh nqrzq lq shulrg w4/ dqg H+}w mw4 , @
w1
7Iru ixuwkhu ghwdlov vhh Judqjhu dqg Shvdudq +4<<9,1
:
6 Hydoxdwlrq dqg Frpsdulvrq ri Iruhfdvwv
Lq wklv vhfwlrq zh hvwdeolvk wkh olqn ehwzhhq iruhfdvw hydoxdwlrq dqg wkh
vlpsoh ghflvlrq sureohp vhw rxw deryh1 Zh fdq lpdjlqh kdylqj d vsdq ri
gdwhv | ’ c 2c c A iru zklfk 5| lv revhuyhg dqg dovr suredelolw| iruhfdvwv
iurp wzr frpshwlqj prghov jlylqj eZE
|
dqg eZE2
|
1 Wkh dlp lv wr hydoxdwh dqg
frpsduh wkhvh suredelolw| iruhfdvwv1
Lw lv zlgho| uhfrjql}hg wkdw hydoxdwlrq dqg frpsdulvrq ri iruhfdvwv fulw0
lfdoo| ghshqgv rq wkh fkrlfh ri wkh orvv ixqfwlrq/ uE5|c 	Z|1
8 D qxpehu ri
glhuhqw orvv ixqfwlrqv kdyh ehhq xvhg lq wkh olwhudwxuh/ exw e| idu wkh prvw
srsxodu lv wkh txdgudwlf orvv ixqfwlrq/ uE5|c 	Z| ’ E5| 	Z|21 Wklv orvv ixqf0
wlrq lv urxwlqho| xvhg iru hydoxdwlrq ri srlqw iruhfdvwv/ exw lw kdv dovr ehhq
dssolhg h{whqvlyho| lq wkh phwhrurorj| olwhudwxuh iru hydoxdwlrq ri suredelolw|
dqg hyhqw iruhfdvwv1 Wkh uhvxowdqw dffxudf| phdvxuh lv nqrzq dv wkh Eulhu
vfruh +Eulhu/ 4<83, zklfk lv ghqhg e|9
 ’

A
A[
|'
E5|  	Z|2 +<,
Dv zlwk wkh frqyhqwlrqdo phdq vtxduhg iruhfdvw huuruv +PVIH, iru srlqw
iruhfdvwv/ wkh Eulhu vfruh lv lghqwlfdoo| }hur rqo| lq wkh fdvh ri shuihfw ghwhu0
plqlvwlf iruhfdvwv dqg kdv d pd{lpxp ydoxh ri xqlw| lq wkh fdvh ri iruhfdvwv
wkdw duh frqvlvwhqwo| zurqj1 Dq lqwhuhvwlqj ghfrpsrvlwlrq ri wkh Eulhu vfruh
lqwr phdvxuhv ri uholdelolw|/ uhvroxwlrq dqg xqfhuwdlqw| kdv ehhq gh0
ulyhg e| Pxusk| +4<:6,1 Wklv ghfrpsrvlwlrq lv edvhg rq wkh fodvvlfdwlrq
ri wkh iruhfdvw suredelolwlhv lqwr 6 +vd|, jurxsv zlwk hdfk jurxs frqwdlqlqj
A revhuydwlrqv1 Ghqrwlqj wkhvh jurxsv e| C dqg wkh fruuhvsrqglqj jurxs0
vshflf iruhfdvw suredelolwlhv e| + +zkhuh + ’ f/ dqg +6 ’ , Pxusk|*v
ghfrpsrvlwlrq fdq wkhq eh zulwwhq dv
 ’

A
6[
'
AE+  752  
A
6[
'
AE75  752 n 75E 75c +43,
zkhuh
75 ’
S
|MC
5|
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8Vhh/ iru h{dpsoh/ Zhvw hw do1 +4<<6,/ Glherog dqg Pduldqr +4<<8,/ Zhlvv +4<<9,/ dqg
Judqjhu dqg Shvdudq +4<<9,1
9Vhh/ iru h{dpsoh/ Zlonv +4<<8/ Fk1 :, dqg Ndw} dqg Pxusk| +4<<:/ Fk1 5,1 Dv Zlonv
+4<<8/ s1 593, srlqwv rxw wkh ruglqdo phdvxuh sursrvhg e| Eulhu +4<83, zdv lq idfw wzlfh
wkh phdvxuh frpprqo| xvhg1
;
Lq wklv ghfrpsrvlwlrq rqo| wkh uvw wzr whupv +nqrzq dv uholdelolw| dqg uhv0
roxwlrq, ghshqg rq iruhfdvw suredelolwlhv1 Wkh wklug whup/ 75E 75/ ghshqgv
rqo| rq wkh vdpsoh revhuydwlrqv dqg lq wkh suhvhqw vhwxs lv qrw dhfwhg e|
wkh iruhfdvwv1 Edvhg rq Pxusk|*v ghfrpsrvlwlrq wkh iroorzlqj iruhfdvwlqj
vnloo vfruh +77,/ zklfk phdvxuhv wkh vnloo ri wkh iruhfdvwhu uhodwlyh wr wkh
folpdwrorjlfdo +xqfrqglwlrqdo, iruhfdvwv/ lv urxwlqho| xvhg lq sudfwlfh=
77K ’
+i vroxwlrq0Uholdelolw|
Xqfhuwdlqw|
’  
75E 75 
77K/ olhv ehwzhhq   * d75E 75o dqg xqlw|/ dqg fohduo| fdq eh qhjdwlyh li
wkh Eulhu vfruh lv odujhu wkdq wkh xqfhuwdlqw| frpsrqhqw/ 75E  751 Rqo|
iruhfdvwv zlwk d srvlwlyh vnloo vfruh +77K : f, duh vdlg wr eh vnlooixo1
Rwkhu phdvxuhv ri iruhfdvw dffxudf|/ dujxdeo| pruh vxlwhg wr hydoxdwlqj
suredelolw| +ru hyhqw, iruhfdvwv/ duh dovr frqvlghuhg lq wkh phwurorj| olwhu0
dwxuh1 Prvw ri wkhvh phdvxuhv duh ghulyhg iurp wkh frqwlqjhqf| wdeoh ri
uhdol}dwlrqv dqg iruhfdvwv dv lq Wdeoh 51 D surplqhqw h{dpsoh ri vxfk phd0
vxuhv lv wkh Nxlshuv vfruh +NV, ghqhg e|:
g7 ’ ME^ 8 E^c +44,
zkhuh ^ ’ E^c ^2c c ^A 
c ME^ lv wkh sursruwlrq ri Edg hyhqwv wkdw zhuh
fruuhfwo| iruhfdvw wr rffxu/ dqg 8 E^ lv wkh sursruwlrq ri Jrrg hyhqwv wkdw
zhuh lqfruuhfwo| iruhfdvw +ru zhuh dfwhg xsrq,1 Wkhvh wzr sursruwlrqv duh
nqrzq dv wkh klw udwh dqg wkh idovh dodup udwh/ uhvshfwlyho|1
Wdeoh 5= Frqwlqjhqf| Pdwul{ ri Uhdol}dwlrqv dqg
Iruhfdvwv2Dfwlrqv
Uhdol}dwlrqv + 5|,
Edg E5| ’  Jrrg E5| ’ f
Iruhfdvwv2Dfwlrqv \hv E	Z| : ^| M|r EAK+ 8@,re ,@o6r EA}+
Qr E	Z|  ^| rrer EAK? JooeS| -eeS|J?r EA}?
Lq whupv ri wkh lqirupdwlrq vxppdul}hg lq wkh deryh frqwlqjhqf| pdwul{
zh kdyh
ME^ ’
AK+
AK+ n AK?
c 8 E^ ’
A}+
A}+ n A}?
 +45,
:Nxlshu*v vfruh/ dovr nqrzq dv wkh Kdqvvhq0Nxlshuv glvfulplqdqw ru Nxlshu*v shuiru0
pdqfh lqgh{/ zdv rujlqdoo| sursrvhg e| Shlufh +4;;7,1 Iru dq dffrxqw ri wklv dqg rwkhu
phdvxuhv ri iruhfdvwlqj vnloo vhh Pxusk| dqg Gdqq +4<;8, dqg Zlonv +4<<8/ Fk1 :,1
<
Fohduo|/ A ’ AK+ n AK? n A}+ n A}?1
; Lq Wdeoh 5/ wkh suredelolw| iruhfdvwv/ 	Z|c
| ’ c c A / duh lq hhfw frqyhuwhg lqwr ghwhuplqlvwlf ru hyhqw iruhfdvwv/ 	5| ’
UE	Z|R|c xvlqj wkh sd|r udwlr/ ^|/ dv wkh dssursuldwh wkuhvkrog suredelolw|1
Zlwkrxw uhihuhqfh wr wkh ghflvlrq sureohp lw lv gl!fxow wr ghflgh zkdw ydoxh
vkrxog eh fkrvhq iru R|1 Wklv dovr vkhgv grxew rq wkh xvxdo sudfwlfh ri xvlqj
d uxoh ri wkxpe vxfk dv vhwwlqj 	5| ’ / li 	Z| : fD1 Dovr/ lq jhqhudo/ wkhuh
lv qr uhdvrq iru R| wr eh wkh vdph iru iruhfdvwv rewdlqhg dw glhuhqw wlph
shulrgv dqg2ru iru glhuhqw lqglylgxdov1
Wkh Nxlshuv vfruh kdv wkh ghvludeoh ihdwxuh wkdw udqgrp iruhfdvwv ru iruh0
fdvwv wkdw frqvlvwhqwo| suhglfw Edg ru Jrrg hyhqwv zloo vfruh }hur> zkloh wkh
vdph qhhg qrw eh wuxh ri Eulhu vfruh1 Wklv lv nqrzq dv wkh htxlwdelolw|
surshuw|/ vhh Jdqglq dqg Pxusk| +4<<5,1 Iru h{dpsoh/ d grrpvgd| iruh0
fdvwhu zkr v|vwhpdwlfdoo| suhglfwv Edg hyhqwv zloo kdyh d klw udwh ri 433 shu
fhqw/ exw zloo dovr kdyh d idovh dodup udwh ri 433 shu fhqw> vfrulqj }hur rq wkh
Nxlshuv phdvxuh1 Wkh Eulhu vfruh ri d grrpvgd| iruhfdvwhu frxog eh txlwh
uhvshfwdeoh dv frpsduhg wr iruhfdvwhuv zlwk qrq0}hur vnloov rq wkh Nxlshuv
vfdoh1 Qhyhuwkhohvv/ wkh NV phdvxuh lv dovr vrphzkdw duelwudu| dqg grhv qrw
ixoo| uhodwh wr wkh ghflvlrq sureohp1 Jlyhq wkh uhdol}dwlrqv dqg iruhfdvwv/ 5|
dqg 	Z|/ | ’ c 2c c A / lw lv srvvleoh wr frpsxwh wkh dyhudjh hfrqrplf ydoxh
ri wkh suredelolw| iruhfdvwv wr wkh ghflvlrq pdnhu xvlqj +8,/ qdpho|
T E	c^ ’ 7@n A3
A[
|'
K|E5|  ^|U EeZ|  ^| c +46,
zkhuh 	 ’ EeZc eZ2c c eZA c dqg 7@ ’ A3SA|' @|/ lv wkh vdph dfurvv doo
suredelolw| iruhfdvwv dqg wkhuhiruh fdq eh qrupdol}hg wr }hur zlwkrxw orvv ri
jhqhudolw|1 Dovr uhfdoo wkdw K| : f1
Edvhg rq +46,/ d ydoxh0edvhg iruhfdvwlqj vnloo vfruh/ 77/ fdq dovr eh
frqvwuxfwhg=
77 ’
SA
|' K|E5|  ^| dU EeZ|  ^| U EZf|  ^|oSA
|' K|E5|  ^| dU E5|  ^| U EZf|  ^|o
c
zkhuh Zf| lv wkh uhihuhqfh suredelolw| iruhfdvw/ riwhq wdnhq wr eh wkh fol0
pdwrorjlfdo suredelolw| ri wkh Edg hyhqw Dv zlwk rwkhu vnloo vfruhv zh
kdyh 77  / dqg 77 dwwdlqv lwv pd{lpxp lq wkh xqolnho| hyhqw zkhuh
EeZ|  ^| E5|  ^| : f iru doo |1
Wkh dyhudjh hfrqrplf ydoxh/ T E	c^/ fdq dovr eh xvhg wr gluhfwo| frpsduh
wzr ru pruh suredelolw| iruhfdvwv1 Iru h{dpsoh/ wkh suredelolw| iruhfdvwv eZE| /
;Vwulfwo| vshdnlqj doo wkh irxu frpsrqhqwv ri W dovr ghshqg rq t1 Exw wklv lv vxssuhvvhg
iru qrwdwlrqdo frqyhqlhqfh1
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| ’ c 2c c A / duh suhihudeoh wr wkh dowhuqdwlyh iruhfdvwv eZE2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c +47,
dqg ylfh yhuvd1 D frpsdulvrq ri sduwlfxodu lqwhuhvw lv wkh rqh ehwzhhq sure0
delolw| iruhfdvwv/ eZ|/ dqg wkh dvvrfldwhg hyhqw iruhfdvwv 	5| ’ UEeZ|  R|1 Ds0
so|lqj wkh deryh fulwhulrq/ eZ| zloo eh suhihuuhg wr 	5| li
A3
A[
|'
K|E5|  ^|U EeZ|  ^| : A3 A[
|'
K|E5|  ^|U E	5|  ^| 
Exw vlqfh f 	 ^| 	 / U EUEeZ|  R| ^| ’ UEeZ|  R| dqg wkh frqglwlrq
ehfrphv=
A3
A[
|'
K|E5|  ^|U EeZ|  ^| : A3 A[
|'
K|E5|  ^|U EeZ|  R|  +48,
Fohduo| wkh wzr phwkrgv ri uhsruwlqj iruhfdvwv zloo eh htxlydohqw li wkh wkuhvk0
rog suredelolw|/ R|/ lv fkrvhq wr eh wkh vdph dv wkh sd|r udwlr ^| iru doo |1 Exw
vlqfh ^| glhuv dfurvv glhuhqw ghflvlrq pdnhuv dqg hyhqw iruhfdvwv duh w|s0
lfdoo| jhqhudwhg e| d iruhfdvwhu xvlqj wkh vdph suredelolw| wkuhvkrog ydoxh/
lq jhqhudo suredelolw| dqg hyhqw iruhfdvwlqj fdq ohdg wr glhuhqw rxwfrphv1
Wr rewdlq frqglwlrqv xqghu zklfk suredelolw| iruhfdvwv duh vxshulru wr hyhqw
iruhfdvwv frqvlghu wkh iroorzlqj ghfrpsrvlwlrq ri +48,=
A3
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|'
K| EeZ|  ^| dUEeZ|  ^| UEeZ|  R|o n
A3
A[
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K| E5|  eZ| dUEeZ|  ^| UEeZ|  R|o : f
Vlqfh K| : f/ dqg f 	 R|c ^| 	  lw lv wkhq hdvlo| hvwdeolvkhg wkdw doo wkh
hohphqwv lq wkh uvw vxp duh qrq0qhjdwlyh1 Wkh hohphqwv lq wkh vhfrqg vxp/
kdyh dpeljxrxv vljqv dqg iru d qlwh A wkh vljq ri wkh vhfrqg whup zloo dovr
eh dpeljxrxv1 Lw lv wkhuhiruh qrw srvvleoh wr udqn wkh suredelolw| dqg hyhqw
iruhfdvwv lq qlwh vdpsohv1 Exw iru vx!flhqwo| odujh A suredelolw| iruhfdvwlqj
lv vxshulru wr hyhqw iruhfdvwlqj xqghu wkh frqglwlrq
T*4
A<"
A3
A[
|'
K| E5|  eZ| dUEeZ|  ^| UEeZ|  R|o ’ f
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Wklv frqglwlrq fdq eh vlpsolhg ixuwkhu e| qrwlqj wkdw
UEeZ|  ^| UEeZ|  R| ’  li R| : eZ| : ^|c
’  li ^| : eZ| : R|c
’ f/ rwkhuzlvh1
Wkhuhiruh/
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dqg iru wkh vxshulrulw| ri eZ| ryhu 	5|/ lw lv vx!flhqw wkdw
T*4A<"A
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 ’ fc
dqg
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Lq wkh vwdqgdug fdvh glvfxvvhg lq wkh olwhudwxuh zkhuh K| lv d {hg frq0
vwdqw wkhvh frqglwlrqv uhgxfh wr dv|pswrwlf xqeldvhgqhvv frqglwlrqv ri wkh
suredelolw| iruhfdvwv/ eZ|c jurxshg dffruglqj wr zkhwkhu R| : eZ| : ^|c ru
^| : eZ| : R|
Wkh hfrqrplf ydoxdwlrq dssurdfk wr iruhfdvw frpsdulvrqv fdq dovr eh ds0
solhg wr wkh sureohp ri frpelqlqj suredelolw| iruhfdvwv1 Wkh wzr suredelolw|
iruhfdvwv frxog eh frpelqhg lq dq| uhohydqw idvklrq/ vxfk dv olqhduo|
eZES| ’ weZE| n E w eZE2| f  w  c
jlylqj dq dyhudjh hfrqrplf ydoxh
T E	ESc^ ’ A3
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K|E5|  ^|U

weZE| n E w eZE2|  ^| c
dqg rqh frxog vhdufk ryhu w 5 dfc o wr rewdlq wkh pd{lpxp dyhudjh ydoxh
dydlodeoh iurp vxfk frpelqdwlrqv1 Fohduo|/ iurp lwv phwkrg ri frqvwuxfwlrq/
wkh rswlpxp dyhudjh ydoxh zloo eh qr ohvv wkdq@ 

T E	Ec^c T E	E2c^

/
dv rqh frxog vhohfw w ’ f ru 1
45
614 Uhodwlrqvkls Ehwzhhq Hfrqrplf dqg Vwdwlvwlfdo Phd0
vxuhv ri Iruhfdvw Dffxudf|
Lq jhqhudo/ d vlpsoh rqh0wr0rqh uhodwlrqvkls ehwzhhq wkh sxuho| vwdwlvwlfdo
phdvxuhv ri iruhfdvw dffxudf| vxfk dv wkh Eulhu ru wkh Nxlshuv vfruhv/ dqg
wkh ydoxh0edvhg phdvxuhv vxfk dv T E	c^ grhv qrw h{lvw1 Krzhyhu/ lq wkh
fdvh zkhuh K| ’ K dqg ^| ’ ^ iru doo | +wkh vwdqgdug fdvh frqvlghuhg lq
wkh olwhudwxuh, d vlpsoh uhodwlrq ehwzhhq wkh dyhudjh hfrqrplf ydoxh ri wkh
Nxlshuv vfruh fdq eh ghulyhg1< Iurp wkh ghqlwlrqv ri wkh klw udwh jlyhq e|
+45, lw lv hdvlo| vhhq wkdw
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Xvlqj wkhvh uhvxowv lq +46,/ zh kdyh
T E	c ^ ’ K dE ^75ME^ ^E 758 E^o  +49,
Wkhuh lv d rqh0wr0rqh uhodwlrqvkls ehwzhhq T E	c ^ dqg wkh Nxlshuv vfruh
rqo| lq wkh fdvh zkhuh wkh sd|r udwlr lv frqvwdqw ryhu wlph dqg htxdo wr wkh
xqfrqglwlrqdo iruhfdvw suredelolw|/ qdpho| li ^ ’ 751 Lq wklv fdvh
T E	c ^ ’ K75E 75g7c +4:,
dqg wkh xvh ri Nxlshuv* vfruh dv dq lqglfdwru ri hfrqrplf ydoxh lv mxvwlhg1
Lq sudfwlfh zkhuh wkh vdph suredelolw| iruhfdvwv duh xvhg e| pdq| glhu0
hqw ghflvlrq pdnhuv zlwk glhuhqw sd|r udwlrv wkh hfrqrplf ydoxh ri iruhfdvwv
ydulhv dfurvv lqglylgxdov dqg frpsdulvrq ri dowhuqdwlyh iruhfdvwv qhhgv wr wdnh
wklv lqwr dffrxqw1 Vxssrvh wkhuh duh  lqglylgxdo ghflvlrq pdnhuv lqgh{hg
e| / dqg ghqrwh wkh lqglylgxdo0vshflf hfrqrplf ydoxhv e| TE	c ^/ zkhuh
<
Vhh dovr Sdophu hw do1 +4<<;, dqg Ulfkdugvrq +4<<;, iru d glvfxvvlrq ri vxfk uhodwlrq0
vklsv lq wkh phwhrurorj| olwhudwxuh1
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^ lv lqglylgxdo *v sd|r udwlr1 Wkh dyhudjh hfrqrplf ydoxh wr wkh vrflhw| ri
xvlqj wkh suredelolw| iruhfdvwv 	/ lvvxhg e| d iruhfdvwlqj djhqf| lv jlyhq e|
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o 
Fkdudfwhul}lqj wkh glvwulexwlrq ri wkh sd|r udwlrv dfurvv lqglylgxdov e| wkh
ghqvlw| ixqfwlrq sE^ rq ^ 5 dfc o/ dqg dvvxplqj wkdw K dqg ^ duh lqghshq0
ghqwo| glvwulexwhg dfurvv / iru vx!flhqwo| odujh c zh kdyh
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c
zkhuh K ’ .EK D jrrg fkrlfh iru sE^ lv wkh Ehwd glvwulexwlrq/ zklfk frxog
eh fdoleudwhg wr pdwfk wkh lq0vdpsoh phdq dqg yduldqfh ri wkh sd|r udwlrv
dfurvv lqglylgxdov1
615 Uhodwlrqvkls Ehwzhhq Vwdwlvwlfdo Phdvxuhv ri Iruh0
fdvw Dffxudf| dqg Whvwv ri Pdunhw Wlplqj
Ghvslwh wkhlu dwwudfwlyh ihdwxuhv vwdwlvwlfdo phdvxuhv vxfk dv wkh Eulhu dqg
Nxlshuv vfruhv gr qrw vhhp wr kdyh ehhq xvhg lq wkh hfrqrphwulfv ru qdqfh
olwhudwxuh1 Wklv lv sduwo| h{sodlqhg e| hfrqrplvwv* suh0rffxsdwlrq zlwk srlqw
iruhfdvwv1 Exw hyhq zkhq wkh irfxv ri wkh dqdo|vlv lv rq iruhfdvwlqj wxuq0
lqj srlqwv ru gluhfwlrq ri pdunhw fkdqjhv wkh whqghqf| kdv ehhq wr hpsor|
prgho0edvhg dssurdfkhv vxfk dv surelw ru orjlw prghov ru pdunhw wlplqj whvwv
ruljlqdoo| ghyhorshg e| Khqulnvvrq dqg Phuwrq +4<;4,1 Lq wklv vhfwlrq zh lq0
yhvwljdwh wkh uhodwlrqvkls ehwzhhq wkh Nxlshuv vfruh dqg d sduwlfxodu yhuvlrq
ri wkh pdunhw wlplqj whvw vwdwlvwlf dgydqfhg lq Shvdudq dqg Wlpphupdqq
+SW/ 4<<5,1 Wkh SW whvw vwdwlvwlf dssolhg wr wkh suredelolw| iruhfdvwv/ 	Z|/
dqg wkh dvvrfldwhg uhdol}dwlrqv/ 5|/ iru | ’ c 2c c A lv jlyhq e|
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zkhuh 	 lv wkh sursruwlrq ri hyhqwv +Edg ru Jrrg, wkdw duh fruuhfwo| suh0
glfwhg/ 	
W
lv wkh hvwlpdwh ri wkh suredelolw| ri fruuhfwo| suhglfwlqj wkh hyhqwv
dvvxplqj suhglfwlrqv dqg uhdol}dwlrqv duh lqghshqghqwo| glvwulexwhg/ 	T E 	 
dqg 	T E 	
W
 duh frqvlvwhqw hvwlpdwhv ri wkh yduldqfhv ri 	 dqg 	
W
/ uhvshf0
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wlyho|143 Lq whupv ri 5| dqg UE	Z|  ^|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zkhuh wkh klw dqg wkh idovh dodup udwhv/ ME^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/ duh ghqhg e| +45,1
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zklfk hvwdeolvkhv wkh iroorzlqj h{dfw uhodwlrqvkls ehwzhhq wkh qxphudwru ri
wkh SW whvw vwdwlvwlf dqg wkh Nxlshuv vfruh +NV, ghqhg e| +44,=
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Wkh SW whvw/ krzhyhu/ jrhv rqh vwhs ixuwkhu dqg dvnv zkhwkhu wkh Nxlshuv
vfruh lv vwdwlvwlfdoo| vljqlfdqw1 Nhhslqj rqo| whupv ri rughu A3 lq 	T E 	
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Lw lv lqwhuhvwlqj wr qrwh wkdw aS  aS lv lq idfw lghqwlfdo wr wkh Khlgnh vfruh +Khlgnh/
4<59,1 Iru d glvfxvvlrq ri wkh xvh ri wkh Khlgnh vfruh vhh Zlonv +4<<8/ ss1 57;057<,1
44
Qrwlfh wkdw lq wklv vxe0vhfwlrq zh duh doorzlqj wkh sd|r udwlr/ tw/ wr ydu| ryhu wlph1
48
Vlqfh 	Z ydulhv zlwk wkh suredelolw| iruhfdvwv/ 	Z|/ lw lv srvvleoh iru wzr vhwv
ri suredelolw| iruhfdvwv wr kdyh lghqwlfdo Nxlshuv vfruhv exw glhuhqw SW whvw
vwdwlvwlfv1
7 Dq Dssolfdwlrq wr wkh Vwrfn Pdunhw
Wkhuh qrz h{lvwv d vxevwdqwldo hpslulfdo olwhudwxuh vkrzlqj wkdw d vwdwlvwlfdoo|
vljqlfdqw sduw ri wkh yduldwlrqv lq prqwko| ru txduwhuo| vwrfn pdunhw uhwxuqv
duh suhglfwdeoh145 Wklv hylghqfh qdwxudoo| udlvhv wkh txhvwlrq ri wkh hfrqrplf
lpsruwdqfh ri vxfk suhglfwdelolw|1 Lq wklv vhfwlrq zh frqvlghu wklv lvvxh lq wkh
fdvh ri dq lqyhvwru zkr zlvkhv wr ghflgh ehwzhhq kroglqj vwrfnv ru erqgv1 Wr
vlpsoli| wkh dqdo|vlv dqg wr hqvxuh wkdw wkh vlpsoh wzr0vwdwh ghflvlrq prgho
ri Vhfwlrq 5 lv gluhfwo| dssolfdeoh wr wkh suhvhqw sureohp zh vkdoo dvvxph wkdw
wkh lqyhvwru*v xwlolw| ixqfwlrq lv orjdulwkplf1 Lw lv zhoo nqrzq wkdw lq wkh fdvh
ri orj0xwlolw| d pxowl0shulrg ghflvlrq sureohp fdq eh uhgxfhg wr d vhtxhqfh
ri lqghshqghqw vlqjoh shulrg ghflvlrq sureohpv146 Zh ixuwkhu dvvxph wkdw
vdohv dqg sxufkdvhv ri vwrfnv dqg erqgv duh vxemhfw wr wudqvdfwlrq frvwv1 Wkh
pdujlqdo frvw ri wudqvdfwlrqv iru vwrfnv dqg erqgv zloo eh ghqrwhg e| 1
@|
dqg
1
K|
/ uhvshfwlyho|1 Wkh wudqvdfwlrq frvw ri wudglqj lq vwrfnv lv frpsrvhg ri
d frpplvvlrq ihh dqg wkh lpsolhg frvwv dvvrfldwhg zlwk wkh elg0dvn vsuhdg1
Lw ydulhv zlwk wkh vl}h ri wkh wudqvdfwlrq dqg frxog hyhq glhu ghshqglqj rq
zkhwkhu vwrfnv duh vrog ru erxjkw1 Exw khuh zh dvvxph wkh vdph udwh dssolhv
wr doo wudqvdfwlrqv exw doorz wkh wudqvdfwlrq frvwv wr ydu| ryhu wlph1
714 Ghulydwlrq ri wkh Vzlwfklqj Uxohv lq wkh Suhvhqfh
ri Wudqvdfwlrq Frvwv
Lq wkh frqwh{w ri wkh deryh vhwxs frqvlghu dq lqglylgxdo lqyhvwru zkr dw wkh
ehjlqqlqj ri shulrg | rzqv | xqlwv ri d sruwirolr ri vwrfnv zlwk d xqlw sulfh
ri | wkdw forvho| wudfnv d pdunhw lqgh{ dqg zlvkhv wr ghflgh zkhwkhu wr
vwd| lq vwrfnv ru wr vzlwfk klv2khu sruwirolr lqwr jryhuqphqw erqgv sd|lqj
shu shulrg kroglqj uhwxuq ri o|1 Wr vlpsoli| wkh dqdo|vlv zh frqqh rxu
dwwhqwlrq wr dq doo0ru0qrwklqj vwudwhj| zkhuh wkh lqyhvwru ghflghv wr vwd|
45Vhh/ iru h{dpsoh/ Fdpsehoo +4<;:,/ Idpd dqg Iuhqfk +4<;<,/ Euhhq hw do1 +4<<3,/
dqg Shvdudq dqg Wlpphupdqq +4<<7/ 4<<8, rq suhglfwdelolw| ri vwrfn uhwxuqv lq wkh
XV/ dqg Foduh/ Wkrpdv dqg Zlfnhqv +4<<7,/ Eodfn dqg Iudvhu +4<<8, dqg Shvdudq dqg
Wlpphupdqq +4<<<, iru hylghqfh ri vwrfn pdunhw suhglfwdelolw| lq wkh XN1
46Wkh vroxwlrq wr wkh sureohp ri rswlpdo sruwirolr zhljkwv lq d pxowl0shulrg frqwh{w lq
wkh fdvh ri wkh srzhu xwlolw| ixqfwlrq lv frqvlghuhg lq Fdpsehoo dqg Ylfhuld +4<<;, dqg
Eudqgw +4<<;,1 Wkhvh dxwkruv frqvlghu dowhuqdwlyh dssur{lpdwh vroxwlrq dssurdfkhv dqg
gr qrw doorz iru wudqvdfwlrq frvwv1
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hlwkhu ixoo| lq vwrfnv ru vzlwfk frpsohwho| lqwr erqgv1 Wkh sd|r pdwul{
ri wklv ghflvlrq sureohp lv odlg rxw lq Wdeoh 6/ zkhuh wkh udwh ri uhwxuq rq
vwrfnv ryhu wkh shulrg | wr |n/ lq wkh hyhqw ri pdunhw idoolqj lv ghqrwhg e|
-s|n ’ E
s
|nn(
s
|n|*|c dqg lq wkh hyhqw ri pdunhw ulvlqj lv ghqrwhg e|
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o
|n n(
o
|n  |*|1 (s|n dqg (o|n duh glylghqgv sdlg shu vkduh
+qhw ri wudqvdfwlrq frvwv, lq wkh wzr pdunhw vwdwhv1
Wdeoh 6= Uhwxuq Sd|rv iru wkh Ghflvlrq Sureohp ri Frqyhuwlqj
Vwrfnv wr Erqgv
Pdunhw dw wkh Ehjlqqlqj ri Shulrg |n 
Idoov Ulvhv
Frqyhuw Vwrfnv \hv ||E 1@|E 1K|E n o| ||E 1@|E 1K|E n o|
wr Erqgv Qr ||E n-
s
|n ||E n-
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Ghqrwlqj wkh iruhfdvw suredelolw| ri d pdunhw idoo +qdpho| -|n 	 f, e|
	Z|n +iruphg dw wkh ehjlqqlqj ri shulrg |, dqg xvlqj wkh orjdulwkp ri wkh
sd|rv lq Wdeoh 6/ wkh lqyhvwru zloo ghflgh wr frqyhuw vwrfnv lqwr erqgv li
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Wr xwlol}h wklv ghflvlrq uxoh wkh lqyhvwru dovr qhhgv wr suhglfw wkh h{whqw wr
zklfk pdunhw lv olnho| wr ulvh ru idoo1 Zh dvvxph wkdw klvwrulfdo dyhudjhv ri
srvlwlyh dqg qhjdwlyh vwrfn uhwxuqv duh xvhg wr suhglfw wkh ydoxhv ri -o|n
dqg -s|n/ uhvshfwlyho|1 Lq wkh fdvh ri prvw pdunhw sruwirolrv wkhvh klvwrulfdo
dyhudjhv kdyh ehhq uhpdundeo| vwdeoh1 Wkh vdpsoh phdqv ri -o| dqg -
s
|
frpsxwhg uhfxuvlyho| xvlqj prqwko| uhwxuqv/ -|/ rq Vwdqgdug dqg Srru 833
ryhu wkh shulrg 4<87+4, wr 4<<5+45, duh glvsod|hg lq Iljxuh 4147 Lq wkh oljkw
ri wkhvh hvwlpdwhv dqg iru sxusrvh ri looxvwudwlrq zh vhw -o|n ’ ffD dqg
-s|n ’ fff1 Iru jlyhq ydoxhv ri -o|n dqg -s|nc wkh sd|r udwlr/ ^|rc lv
ghfuhdvlqj lq o| dqg lqfuhdvlqj lq 1@| dqg 1K|1 Lq jhqhudo/ ^|r : f/ exw iru
vx!flhqwo| kljk wudqvdfwlrq frvwv lw frxog eh odujhu wkdq xqlw|1 Dv lq Shvdudq
dqg Wlpphupdqq +4<<8, zh frqvlghu wzr wudqvdfwlrq frvw vfhqdulrv> d orz0
frvw vfhqdulr zkhuh 1@| ’ ffD dqg 1K| ’ fff/ dqg d kljk0frvw vfhqdulr zlwk
1@| ’ f dqg 1K| ’ fff1 Xvlqj prqwko| revhuydwlrqv rq wkh Wuhdvxu| Eloo
udwh iru o|c wkh ydoxhv ri wkh sd|r udwlr/ ^|r/ vkrz frqvlghudeoh yduldwlrqv
ryhu wlph udqjlqj iurp 3184 wr 319; iru wkh kljk0frvw vfhqdulr dqg 3176 wr 318<
iru wkh orz frvw vfhqdulr1 Wklv fohduo| vkrzv wkdw lq shulrgv ri kljk lqwhuhvw
47Wkh vrxufh ri wkh gdwd xvhg lq wklv Vhfwlrq lv Shvdudq dqg Wlpphupdqq +4<<8,1
4:
udwhv hyhq uhodwlyho| orz suredelolw| ri d vwrfn pdunhw idoo frxog lqlwldwh d
vzlwfk iurp vwrfnv wr erqgv1 Exw wkh vdph qhhg qrw eh wuxh lq shulrgv zkhuh
wkh lqwhuhvw udwh lv orz1
4;
Recursive Positive and Negative Mean Returns on SP 500
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Frqvlghu qrz wkh sureohp ri dq lqyhvwru zkr krogv jryhuqphqw erqgv/
|/ dqg zlvkhv wr ghflgh zkhwkhu wr vwd| lq erqgv ru wr vzlwfk lqwr vwrfnv1
Wkh sd|rv iru wklv ghflvlrq sureohp duh vhw rxw lq Wdeoh 71
Wdeoh 7= Uhwxuq Sd|rv iru wkh Ghflvlrq Sureohp ri Frqyhuwlqj
Erqgv wr Vwrfnv
Pdunhw dw wkh Ehjlqqlqj ri Shulrg |n 
Idoov Ulvhv
Frqyhuw Erqgv \hv |E n-
s
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Wkhuhiruh/ wkh lqyhvwru zloo ghflgh wr vzlwfk iurp erqgv lqwr vwrfnv li
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Wkh wzr ghflvlrq sureohpv duh htxlydohqw rqo| xqghu }hur wudqvdfwlrq frvwv1
Exw lq wkh suhvhqfh ri wudqvdfwlrq frvwv zh kdyh ^|r : ^|K/ dqg wkh lqyhvwru
lv idfhg zlwk d wklug srvvlelolw|/ qdpho| wr gr qrwklqj li
^|K  	Z|n  ^|r +55,
Wkh zlgwk ri wklv qr0wudqvdfwlrq edqg lv jlyhq e|
^|r  ^|K ’ 2 *?dE 1@|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o
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s
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Iljxuh 5 vkrzv wkh ydoxhv ri ^|r dqg ^|K xqghu wkh orz0frvw vfhqdulr/ 1@| ’
fffD dqg 1K| ’ fff/ dqg xvlqj wkh uhfxuvlyh hvwlpdwhv ri wkh klvwrulfdo
phdqv ri -o|n dqg -
s
|n glvsod|hg lq Iljxuh 41 Dffruglqj wr wkhvh hvwl0
pdwhv rq dyhudjh iruhfdvw suredelolwlhv/ 	Z|n/ vkrxog olh rxwvlgh wkh udqjh
Efec fD ehiruh lw lv zruwkzkloh iru wkh lqyhvwru wr pdnh dq| wudqvdfwlrqv1
Wklv lv dq h{dpsoh zkhuh suredelolw| iruhfdvwv/ hyhq li dffxudwh/ pd| kdyh
olwwoh hfrqrplf ydoxh wr d ghflvlrq pdnhu148
48Wkh lvvxh ri wkh hfrqrplf ydoxh ri suhglfwdelolw| ri uhwxuqv lq wkh suhvhqfh ri wudqvdf0
wlrq frvwv lv glvfxvvhg uhfhqwo| e| Oxwwphu +4<<:, zkr dovr vkrzv wkdw zkhq wudqvdfwlrq
frvwv duh vx!flhqwo| odujh lqyhvwruv pd| kdyh olwwoh lqfhqwlyhv wr h{sorlw suhglfwdeoh sdw0
whuqv lq vwrfn uhwxuqv lq vhwwlqj ri wkhlu sruwirolr zhljkwv1
53
715 Vwdwlvwlfdo Phdvxuhv ri Shuirupdqfh
Wr jhw vrph lghd ri wkh hpslulfdo lpsruwdqfh ri wkh wudqvdfwlrq frvwv lq
vzlwfklqj wudglqj vwudwhjlhv zh frpsxwhg uhfxuvlyh iruhfdvw suredelolwlhv ri
d idoo lq wkh X1V1 vwrfn pdunhw xvlqj prqwko| revhuydwlrqv rq wkh VS 833
pdunhw lqgh{/ SVS/ dqg d qxpehu ri vwdqgdug idfwruv xvhg lq wkh olwhudwxuh
wr iruhfdvw vwrfn uhwxuqv1 Lq sduwlfxodu/ zh hvwlpdwhg wkh iroorzlqj uhwxuq
uhjuhvvlrq uhfxuvlyho| ryhu wkh shulrg 4<87+4,04<<5+45,1
-|n ’ @f| n @|v5 | n @2|{U| n @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zkhuh \VS lv wkh glylghqg |lhog edvhg rq 450prqwk prylqj dyhudjh ri glyl0
ghqgv sdlg rq VS 833/ {U lv wkh uvw0glhuhqfh ri wkh 40prqwk W0Eloo udwh/
SL 45 lv wkh lq dwlrq udwh +frpsxwhg xvlqj wkh 450prqwkv prylqj dyhudjh ri
surgxfhu sulfh lqgh{,/ dqg {W2 lv wkh udwh ri fkdqjh ri lqgxvwuldo surgxf0
wlrq +djdlq edvhg rq 45 prqwkv prylqj dyhudjh ri wkh lqgh{ ri lqgxvwuldo
surgxfwlrq,149 Ghqrwlqj wkh uhfxuvlyh iruhfdvwv ri -|n +iruphg dw wlph |,
dqg wkhlu dvvrfldwhg vwdqgdug huuruv e| 	-|n dqg 	j|n/ uhvshfwlyho|/ zh frp0
sxwhg wkh suredelolw| iruhfdvwv/ 	Z|n/ dvvxplqj wkh frqglwlrqdo glvwulexwlrq
ri wkh huuruv/ 0|n/ lv dssur{lpdwho| qrupdo1 Qrupdolw| lv fohduo| uhmhfwhg
lq wkh fdvh ri kljk iuhtxhqf| +gdlo| ru lqwud0gdlo|, gdwd/ exw wkh hylghqfh
djdlqvw qrupdolw| lv ohvv fohdu fxw lq wkh fdvh ri txduwhuo| dqg prqwko| re0
vhuydwlrqv1 Dv fdq eh vhhq iurp Iljxuh 6/ ryhudoo wkh qrupdo fxuyh surylghv
d uhdvrqdeo| jrrg w wr wkh uhfxuvlyh uhvlgxdov> wkh pdmru h{fhswlrq ehlqj
wkh Rfwrehu 4<;: fudvk1
49Iru ixuwkhu ghwdlov dqg gdwd vrxufhv vhh Shvdudq dqg Wlpphupdqq +4<<7/ ss1 6960
689,1
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 Histogram of the Recursive Forecasts of the Returns on SP 500
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Xqghu wkh qrupdolw| dvvxpswlrq wkh suredelolw| iruhfdvw ri d idoo lq wkh
vwrfn pdunhw lq prqwk | n / edvhg rq lqirupdwlrq dydlodeoh lq prqwk |c lv
jlyhq e|
fhE-|n 	 f m l| ’ 	Z|n ’ xE 	-|n*	j|n +57,
Wkh hvwlpdwhv ri 	Z|n wrjhwkhu zlwk wkh sd|r udwlrv/ ^|r dqg ^|K/ frpsxwhg
xqghu wkh orz frvw vfhqdulr duh glvsod|hg lq Iljxuh 714: Dffruglqj wr wkhvh
hvwlpdwhv lq 67 prqwkv rxw ri wkh wrwdo qxpehu ri 6<9 prqwko| revhuydwlrqv
+ru mxvw ryhu ;19( ri wkh shulrgv, 	Z|n zloo idoo zlwklq wkh qr wudqvdfwlrq edqg
E^|rc ^|K/ dqg rq wkhvh rffdvlrqv wkh lqyhvwru odfnv wkh qhfhvvdu| hfrqrplf
lqfhqwlyh wr wudgh1 Wkh qxpehu ri vxfk shulrgv ulvhv wr 481:( ri wkh wrwdo
revhuydwlrqv zkhq wkh sd|r udwlrv duh frpsxwhg iru wkh kljk wudqvdfwlrq
frvw vfhqdulr1 Wkh qxpehu ri fdvhv iru zklfk wkh suredelolw| iruhfdvwv idoo
lqvlgh dqg rxwvlgh wkh udqjh E^|rc ^|K/ furvv0wdexodwhg dffruglqj wr zkhwkhu
-|n 	 f ru qrw/ duh vxppdul}hg lq Wdeoh 81 Ryhu wkh vdpsoh shulrg wkh
pdunhw ihoo lq 73( ri wkh prqwkv/ zkloh edvhg rq suredelolw| iruhfdvwv dqg
wkh sd|r udwlrv wkh lqyhvwru zrxog kdyh dfwhg ghflvlyho| wr ohdyh wkh pdunhw
lq rqo| 5918( ri wkh wlphv lq wkh fdvh ri }hur wudqvdfwlrq frvwv dqg hyhq ohvv
xqghu wkh orz dqg wkh kljk wudqvdfwlrq frvw vfhqdulrv/ qdpho| 5418( dqg
5318(/ uhvshfwlyho|
Wdeoh 8= Frqwlqjhqf| Pdwul{ ri Uhdol}dwlrqv dqg Dfwlrqv Xqghu
Glhuhqw Wudqvdfwlrq Frvwv Vfhqdulrv
Idoov E-|n 	 f Ulvhv E-|n  f Wrwdov
Dfwlrqv Wudqvdfwlrq Frvwv Wudqvdfwlrq Frvwv Wudqvdfwlrq Frvwv
]hur Orz Kljk ]hur Orz Kljk ]hur Orz Kljk
	Z|n : ^|r 89 7: 79 7< 6; 68 438 ;8 ;4
^|K  	Z|n  ^|r 3 48 57 3 4< 6; 3 67 95
	Z|n 	 ^|K 435 <9 ;; 4;< 4;4 498 5<4 5:: 586
Wrwdov 48; 56; 6<9
Ydulrxv vwdwlvwlfdo phdvxuhv ri w glvfxvvhg lq Vhfwlrq 7 fdq dovr eh frp0
sxwhg xvlqj wkh uhvxowv lq Wdeoh 81 Lw lv/ krzhyhu/ lpsruwdqw wr qrwh wkdw lq
wkh suhvhqfh ri wudqvdfwlrq frvwv zh qhhg wr glvwlqjxlvk ehwzhhq fdvhv zkhuh
4:Lq rughu wr dyrlg wkh h{fhvvlyh xqfhuwdlqw| dvvrfldwhg zlwk wkh iruhfdvwv dw wkh vwduw
ri wkh vdpsoh shulrg wkh iruhfdvw suredelolwlhv iru wkh lqlwldo shulrg 4<87+4,04<8<+45, duh
gursshg rqo| suredelolw| iruhfdvwv ryhu wkh vxevhtxhqw shulrg vkrzq lq Iljxuh 71
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	Z|n : ^|r dqg 	Z|n 	 ^|K1 Rqo| xqghu }hur wudqvdfwlrq frvwv wkh   2 frq0
wlqjhqf| pdwul{ zloo eh uhgxfhg wr wkh vwdqgdug 2 2 pdwul{ ri wkh suhylrxv
vhfwlrqv1 Lq wklv fdvh wkh klw dqg idovh dodup udwhv duh htxdo wr 6817( dqg
5319(/ uhvshfwlyho|/ |lhoglqj d Nxlshuv vfruh ri NV@471;(1 Lq frpsdulvrq wr
wkh Nxlshuv vfruhv w|slfdoo| rewdlqhg lq vkruw0whup zhdwkhu iruhfdvwlqj wklv
lv vpdoo/ exw vwdwlvwlfdoo| vljqlfdqw14; Wkh dvvrfldwhg ydoxh ri wkh pdunhw
wlplqj whvw vwdwlvwlf +zklfk lv htxlydohqw wr d whvw edvhg rq wkh Nxlshuv vfruh,
lv 615; zklfk lv vxevwdqwldoo| deryh wkh fulwlfdo ydoxh ri d rqh0vlghg qrupdo
whvw hyhq dw wkh 3134( ohyho1 Zkhq wudqvdfwlrq frvwv duh wdnhq lqwr dffrxqw
wkh NV phdvxuhv dqg wkh SW vwdwlvwlfv dvvrfldwhg zlwk vzlwfkhv rxw ri wkh
pdunhw +qdpho| zkhq 	Z|n : ^|r dw wlph |, duh 461;( dqg 615:/ uhvshfwlyho|1
Wkh fruuhvsrqglqj vwdwlvwlfv iru vzlwfkhv iurp erqgv lqwr vwrfnv +	Z|n 	 ^|K
duh 4816( dqg 61581 Wkhuhiruh/ wkhuh lv vwdwlvwlfdoo| vljqlfdqw hylghqfh ri
pdunhw wlplqj lq erwk gluhfwlrqv1 Lqfuhdvlqj wkh wudqvdfwlrq frvwv iurp wkh
orz wr wkh kljk vfhqdulr grhv qrw txdolwdwlyho| fkdqjh wklv frqfoxvlrq1 Vhh
Wdeoh 91
4;Iru h{dpsoh/ wkh NV phdvxuhv uhsruwhg lq Ulfkdugvrq +4<<;/ Wdeoh 6, iru suhglfwlrq
ri whpshudwxuh dqrpdolhv iru Mdqxdu| dqg Iheuxdu| 4<<; ryhu Hxursh olh lq wkh udqjh
3169:03179;1
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Wudqvdfwlrq Frvwv Vwdwlvwlfv IdoovE-|n 	 f Ulvhv E-|n  f
~eoJ
Klwv+(, 6817 :<17
Idovh+(, 5319 9718
NV+(, 471< 471<
SW 615; 615;
uJ
Klwv+(, 5<1: :914
Idovh+(, 4913 931;
NV+(, 461: 4816
SW 615: 6158
M}
Klwv+(, 5<14 9<16
Idovh+(, 471: 881:
NV+(, 4717 4619
SW 617; 51::
K dqg I uhihu wr wkh klw dqg wkh idovh dodudp udwhv/ NV lv wkh Nxlshuv vfruh
ghqhg dv M  8 / dqg A lv wkh Shvdudq0Wlpphupdqq pdunhw wlplqj whvw
ghqhg e| +4<,1
716 Hfrqrplf Phdvxuhv ri Shuirupdqfh
Vwdwlvwlfdo phdvxuhv ri shuirupdqfh vxfk dv wkh Nxlshuv vfruh ru lwv dvvrfl0
dwhg pdunhw wlplqj whvw vwdwlvwlf +SW, dw ehvw surylgh d jhqhudo lqglfdwru
ri wkh hfrqrplf ydoxh ri wkh suredelolw| iruhfdvwv/ dqg d pruh vdwlvidfwru|
dssurdfk/ zkhqhyhu srvvleoh/ zrxog eh wr gluhfwo| frpsxwh phdvxuhv ri hfr0
qrplf shuirupdqfh dvvrfldwhg zlwk wkh xvh ri suredelolw| iruhfdvwv lq ghflvlrq
pdnlqj1 Lq wkh frqwh{w ri wkh suhvhqw dssolfdwlrq/ dq dssursuldwh phdvxuh lv
wkh orjdulwkp ri wkh lqyhvwru*v whuplqdo zhdowk rewdlqhg xvlqj wkh suredelo0
lw| iruhfdvwv dv frpsduhg wr ehlqj ixoo| lqyhvwhg lq wkh pdunhw dw doo wlphv/
+qdpho| d ex|0dqg0krog vwudwhj|,1 Xqghu wkh dfwlyh vwudwhj| wkh lqyhvwru
ghflghv wr vzlwfk iurp vwrfnv wr erqgv li 	Z|n : ^|r/ iurp erqgv wr vwrfnv li
	Z|n 	 ^|K/ dqg vwd| sxw li ^|K  	Z|n  ^|r1 Ohw | wdnh wkh ydoxh ri xqlw| li
wkh lqyhvwru lv lq vwrfnv dw wlph | dqg }hur rwkhuzlvh1 Lw lv wkhq hdvlo| vhhq
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wkdw
|n ’ E |n  |n| n |nc | ’ fc c 2c  +58,
zkhuh
|n ’ UE	Z|n  ^|r dqg |n ’ UE^|K  	Z|n1
Qrwlfh wkdw |n dqg |n erwk duh nqrzq dw wlph |1 Dovr vlqfh ^|K 	 ^|r wkh|
fdqqrw erwk eh 5eoJ ru ?|+ dw wkh vdph wlph1 Vxssrvh wkdw lqlwldoo| wkh
ixqgv dydlodeoh wr wkh lqyhvwru dw wlph | ’ f lv jlyhq e| ‘f zklfk lv khog lq
fdvk/ vr wkdw f ’ f1 Wkhq wkh uhdol}hg uhwxuq +qhw ri wudqvdfwlrq frvwv, ri
wkh vzlwfklqj lqyhvwphqw vwudwhj| lv jlyhq e|
 n-r
|n
’‘|n*‘| ’ |f|n n E |t|nc | ’ fc c  +59,
zkhuh
f|n ’ |nE 1@|E 1K|E n o| n E |nE n-|nc +5:,
dqg
t|n ’ |nE 1@|E n-|n n E |nE 1K|E n o| +5;,
Lw lv dvvxphg wkdw frvwv duh sdlg dw wkh wlph ri wkh wudqvdfwlrq1 Wr doorz iru
frvwv lqfxuuhg zkhq glylghqgv duh uh0lqyhvwhg lq vwrfnv wkh qrplqdo uhwxuq
rq vwrfn kroglqjv lv frpsxwhg dv -|n ’ d|n  | n E 1@|(|no*|14<
Xvlqj wkh uhfxuvlyh iruhfdvwv 	Z|n/ dqg wkh sd|r udwlrv ^|r dqg ^|K zh
frpsxwhg -r
|
/ | ’ bSfEc c bb2E2/ xqghu wkh wkuhh wudqvdfwlrq frvwv
vfhqdulrv= ~eoJ E1
@|
’ fc 1
K|
’ f/ uJ E1
@|
’ fffDc 1
K|
’ fff/ dqg M}
E1
@|
’ ffc 1
K|
’ fff1 Iru sxusrvhv ri frpsdulvrq zh dovr frpsxwhg wzr
rwkhu vhwv ri uhfxuvlyh suredelolw| iruhfdvwv dqg vzlwfklqj sruwirolr uhwxuqv>
rqh zlwkrxw wkh lq dwlrq yduldeoh/ U2|3/ dqg dqrwkhu zlwkrxw wkh rxwsxw
jurzwk yduldeoh/ {U2|31 Zh vkdoo uhihu wr wkhvh dv prghov  dqg 2/
uhvshfwlyho|1 Wkh edvh prgho frqwdlqlqj doo wkh irxu yduldeohv zloo eh fdoohg
f1 Wkh orjdulwkp ri wkh whuplqdo zhdowk/ *?E‘A / jhqhudwhg e| wkhvh sruw0
irolrv/ wkhlu phdq uhwxuqv dv zhoo dv wkh phdq uhwxuq ri wkh ex| dqg krog
vwudwhj| wrjhwkhu zlwk d qxpehu ri rwkhu uhodwhg vwdwlvwlfv duh vxppdul}hg
lq Wdeoh :1 Wkhvh uhvxowv jhqhudoo| idyrxu prgho f/ dqg dw wkh vdph wlph
vkrz wkh lpsruwdqfh ri doorzlqj iru wudqvdfwlrq frvwv zkhq hydoxdwlqj wkh
4<
Wkhvh uhfxuvlyh uhodwlrqv jhqhudol}h wkh uhvxowv lq Shvdudq dqg Wlpphupdqq +4<<7/
ss1 6830684, ghulyhg iru wkh vlpsoh vzlwfklqj vwudwhj| zkhuh mw.4 @ 4 lw.4 iru doo w1
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hfrqrplf ydoxh ri vwrfn pdunhw iruhfdvwv1 Wkh uhvxowv dovr vkrz wkdw gurs0
slqj wkh lq dwlrq dqg wkh rxwsxw jurzwk yduldeohv iurp wkh edvlf prgho lv
qrw mxvwldeoh iurp dq hfrqrplf ylhzsrlqw/ zlwk lq dwlrq ehlqj uhodwlyho|
pruh lpsruwdqw wkdq wkh rxwsxw jurzwk yduldeoh ryhu wkh shulrg xqghu dqdo0
|vlv1 Vlplodu frqfoxvlrqv duh uhdfkhg li rqh frqvlghuv wkh vwdwlvwlfdo phdvxuhv
ri shuirupdqfh vxfk dv wkh Nxlshuv vfruh ru wkh pdunhw wlplqj whvw vwdwlvwlf1
5:
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Iruhfdvwlqj Prghov Pdunhw
Wudqvdfwlrq f  2 Sruwirolr
Frvwv
~eoJ Phdq Uhwxuq +(, 46176 4513: 45198 431<4
V1G1 ri Uhwxuq +(, 7619: 7:167 751:4 841:8
Vkdush Udwlr 314:9 31466 31495 31433
*?E‘A  ;1:874 ;1598; ;18457 :1;587
Rxw ri Vwrfnv +(, 5918 451< 4<17 313
uJ Phdq Uhwxuq +(, 45144 4315; 44157 431;;
V1G1 ri Uhwxuq +(, 77185 7<176 751:6 841::
Vkdush Udwlr 31476 313<5 3145; 313<<
*?E‘A  ;16444 :19838 ;13849 :1;475
Rxw ri Vwrfnv +(, 551: 4514 4;15 313
M} Phdq Uhwxuq +(, 431<4 <1<; 431<4 431;8
V1G1 ri Uhwxuq +(, 761<5 7;1<9 7613< 841;3
Vkdush Udwlr 3144: 313;: 31453 313<;
*?E‘A  :1<58; :1:88< :1<6<6 :1;363
Rxw ri Vwrfnv +(, 571: 4514 4;15 313
Prgho f lv ghqhg e| +56,1 Prghov dqg 2
duh rewdlqhg iurp f e| gursslqj wkh lq dwlrq dqg wkh rxwsxw
jurzwk yduldeohv/ uhvshfwlyho|1 Phdq Uhwxuq lv wkh dulwkphwlf
phdq ri dvvhw uhwxuqv ryhu wkh vzlwfklqj sruwirolr
edvhg rq wkh uhfxuvlyh iruhfdvwv1 V1G1 ri Uhwxuq
lv wkh vwdqgdug ghyldwlrq ri wkh uhwxuqv1 Vkdush Udwlr lv frpsxwhg
dv wkh udwlr ri wkh phdq ri wkh h{fhvv uhwxuq +uhwxuq rq wkh
sruwirolr plqxv uhwxuq rq W0Eloo, glylghg e| lwv vwdqgdug huuru1
‘A lv wkh ydoxh ri wkh whuplqdo zhdowk/ phdvxuhg dw wkh hqg ri Ghfhpehu 4<<51
Rxw ri Vwrfnv lv wkh sursruwlrq ri shulrgv wkdw wkh sruwirolr
lv qrw lq vwrfnv1
5;
8 Wkh Jhqhudo Fdvh
Wkh dssurdfk wr iruhfdvw hydoxdwlrq dgyrfdwhg lq wklv sdshu fdq eh uhdglo|
h{whqghg wr pxowl0shulrg ghflvlrq sureohpv zlwk d jhqhudo xwlolw| +orvv, ixqf0
wlrq1 Wr vlpsoli| wkh h{srvlwlrq zh irfxv rq d vlqjoh shulrg ghflvlrq sureohp
zkhuh dw wlph | wkh ghflvlrq yduldeoh _| lv fkrvhq vr wkdw .dLE_|c %|n m l|o
lv pd{lpl}hg/ zkhuh LE lv d joredoo| frqfdyh xwlolw| ixqfwlrq/ dqg %|n
lv d vwdwh yduldeoh zlwk wkh frqglwlrqdo suredelolw| glvwulexwlrq ixqfwlrq
8|E% ’ hLME%|n 	 % m l|1 Dv ehiruh/ l| lv wkh lqirupdwlrq vhw dydlodeoh
dw wlph |/ dqg lqfoxghv dw ohdvw sdvw revhuydwlrqv rq %/ qdpho| %?3c   f1
Lw lv dvvxphg wkdw wkh fkrlfh ri 8 lq xhqfhv _|/ exw qrw ylfh yhuvd1 Wklv
lv htxlydohqw wr wkh dvvxpswlrq +4, pdgh lq wkh fdvh ri wkh vlpsoh ghflvlrq
sureohp glvfxvvhg lq Vhfwlrq 51 Dw wlph | d iruhfdvwhu surylghv d suhglfwlyh
glvwulexwlrq 	8|E% dv dq hvwlpdwh ri 8|E%1 D ghflvlrq/ 	_| ’ [E 	8|c lv wkhq
pdgh dw wlph |/ edvhg rq 	8|E%/ dqg dw wlph |n  zkhq wkh uhdol}dwlrq %|n
ehfrphv nqrzq/ d ydoxh lv jhqhudwhg iru wkh ghflvlrq pdnhu wkdw ghshqgv
rq %|n dqg rq wkh ghflvlrq pdgh dw wlph |/ qdpho| L
k
[E 	8|c %|n
l
1 D
ghflvlrq uxoh/ [E8|/ lv vdlg wr eh rswlpdo li iru doo ihdvleoh ghflvlrq ydoxhv/
_|c lw vdwlvhv wkh iroorzlqj frqglwlrq
.dLE[E8|c %|n m l|o  .dLE_|c %|n m l|o
Lq jhqhudo/ wkh rswlpdo ghflvlrq uxoh/ _W| ’ [E8|/ ghshqgv rq wkh zkroh ri
wkh suhglfwlyh glvwulexwlrq ixqfwlrq dqg nqrzohgjh ri srlqw iruhfdvwv zrxog
qrw eh vx!flhqw iru d frpsohwh vroxwlrq wr wkh ghflvlrq sureohp> xqohvv/ ri
frxuvh/ wkh xwlolw| ixqfwlrq lv txdgudwlf lq _| dqg %|n1
Zkhq d uxq ri ghflvlrqv dqg uhdol}dwlrqv i_|c %|n( | ’ c 2c c Aj duh
dydlodeoh wkh forvhqhvv ri dfwxdo ghflvlrqv/ _|c wr wkh rswlpdo ghflvlrqv/ _
W
| c
fdq eh phdvxuhg lq whupv ri wkh xwlolw|0edvhg fulwhulrq=
7E_
W G _ ’ A3
A[
|'
iLE_W| c %|n LE_|c %|nj 
Rq dyhudjh/ zh zrxog h{shfw 7E_
W G _  f1 Wklv uhvxow iroorzv lpphgldwho|
iurp wkh rswlpdolw| ri _W| 1 Qrwlfh wkdw
. d7E_
W G _o ’ A3
A[
|'
. i. dLE_W| c %|n m l|o. dLE_|c %|n m l|oj c
dqg e| yluwxh ri wkh rswlpdolw| ri _W| /
. dLE_W| c %|n m l|o  . dLE_|c %|n m l|o 
5<
Khqfh/ lw pxvw eh wkdw . d7E_
W G _o  f1 Wklv lv dq lqwhuhvwlqj uhvxow/
dowkrxjk e| lwvhoi lv ri olwwoh sudfwlfdo xvh vlqfh wkh ghulydwlrq ri _W
|
uhtxluhv
shuihfw nqrzohgjh ri wkh suhglfwlyh glvwulexwlrq ixqfwlrq/ 8|E%/ dqg wklv lv
qrw xvxdoo| nqrzq/ hlwkhu wr wkh ghflvlrq pdnhu ru wr wkh hfrqrphwulfldq1
Krzhyhu/ 7 fdq eh xvhg wr glvfulplqdwh ehwzhhq wzr vhwv ri ghflvlrqv edvhg
rq wzr glhuhqw hvwlpdwhv ri 8|E%1 Ghqrwh wkhvh hvwlpdwhv e| 	8
E
| dqg
	8
E2
| dqg wkh fruuhvsrqglqj rswlpdo ghflvlrqv e| 	_
E
| ’ [E 	8
E
|  dqg 	_
E2
| ’
[E 	8
E2
| / uhvshfwlyho|1 Wkh phdq orvv +lq xwlolw| whupv, dvvrfldwhg zlwk wkh
xvh ri wkhvh suredelolw| iruhfdvwv duh jlyhq e|
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Dowkrxjk 7E_
W G _E dqg 7E_
W G _E2 duh qrw vhsdudwho| revhuydeoh/ iurp
wkh deryh uhvxowv lw lv uhdvrqdeoh wr vhohfw wkh hvwlpdwh zklfk |lhogv wkh orzhvw
phdq xwlolw| orvv uhodwlyh wr wkh rswlpdo ghflvlrq1 Qdpho|/ vhohfw 	8
E
|
ryhu
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Wklv lv d jhqhudol}dwlrq ri +47, zklfk qr orqjhu ghshqgv rq _W
|
/ dqg frqwudvwv
wkh qrupdo sudfwlfh zkhuh 	_
E
|
dqg 	_
E2
|
duh frpsduhg gluhfwo| xvlqj sxuho|
vwdwlvwlfdo phdvxuhv153 Lw lv dovr zruwk qrwlqj wkdw vlqfh glhuhqw ghflvlrq
pdnhuv zloo kdyh glhuhqw ydoxh ixqfwlrqv/ wkh| qhhg qrw udqn wkh prghov +ru
iruhfdvwv, wkh vdph1 Krzhyhu/ li rqh prgho surgxfhv wkh wuxh gdwd jhqhudwlqj
surfhvv/ lw zloo eh suhihuuhg e| doo ghflvlrq pdnhuv ryhu dq| dowhuqdwlyhv/
uhjdugohvv ri wkhlu ydoxh ixqfwlrqv1
53Iru dq h{fhswlrq vhh Zhvw/ Hglvrq dqg Fkr +4<<6, zkr frqvlghu d xwlolw|0edvhg frp0
sdulvrq ri d qxpehu ri yrodwlolw| prghov1 Wkh xvh ri frvw2xwlolw| edvhg frpsdulvrqv ri
vwdwlvwlfdo prghov kdv dovr ehhq hpskdvl}hg e| Fkulvwrhuvrq dqg Glherog +4<<9, dqg
Zhlvv +4<<9,1
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9 Frqfoxvlrqv
Lq wklv sdshu zh kdyh dujxhg lq idyrxu ri d forvhu olqn ehwzhhq wkh ghflvlrq
dqg wkh iruhfdvw hydoxdwlrq sureohpv1 Zh kdyh dovr hpskdvl}hg wkh qhhg iru
surgxflqj dqg uhsruwlqj suhglfwlyh glvwulexwlrq ixqfwlrqv udwkhu wkdq srlqw/
ru hyhq lqwhuydo iruhfdvwv1 Srlqw iruhfdvwv duh vx!flhqw rqo| lq uhodwlyho|
vlpsoh fdvhv zkhuh wkh xwlolw|2orvv ixqfwlrq lv txdgudwlf dqg wkh frqvwudlqwv
+li dq|, duh olqhdu1 Zh kdyh looxvwudwhg vrph ri wkh pdlq lvvxhv lqyroyhg
erwk lq wkh frqwh{w ri d wzr0vwdwh/ wzr0dfwlrq ghflvlrq sureohp dv zhoo dv lq
pruh jhqhudo vhwwlqjv/ lqyhvwljdwhg wkh uhodwlrqvklsv wkdw pd| h{lvw ehwzhhq
vwdwlvwlfdo dqg hfrqrplf phwkrgv ri iruhfdvw hydoxdwlrq/ dqg surylghg dq
hpslulfdo dssolfdwlrq wr wkh sureohp ri vwrfn pdunhw suhglfwdelolw| dqg wkh
frqglwlrqv xqghu zklfk vxfk suhglfwdelolw| fdq eh h{sorlwhg lq wkh suhvhqfh
ri wudqvdfwlrq frvwv1
Krzhyhu/ zh duh dzduh wkdw lq jhqhudo hfrqrplhv/ lw lv xqxvxdo wr kdyh
hvwlpdwhv ri wkh ydoxhv dulvlqj iurp fruuhfw ghflvlrqv/ edvhg rq iruhfdvwv1 Dq
h{fhswlrq lv lq qdqfh zkhuh lq vrph fdvhv hvwlpdwhv ri ydoxhv duh srvvleoh1
Dq duhd wkdw kdv pdgh surjuhvv lq wklv hog lv phwhrurorj|1 Iru h{dpsoh/
wkh Fdoliruqld Dssolfdwlrqv Surmhfw/ rujdql}hg e| wkh Vfulssv Lqvwlwxwlrq ri
Rfhdqrjudsk|/ Vdq Glhjr/ lv ghwhuplqlqj wkh ydoxh wr zdwhu pdqdjhuv/ lq
grooduv/ ri d vshflf lpsuryhphqw lq zhdwkhu iruhfdvwv1 Lw vhhpv wkdw hyhq0
wxdoo| wkhvh whfkqltxhv zloo eh xvdeoh pruh jhqhudoo|/ xqwlo wkhq wkh lghd ri
suhvhqwlqj d iruhfdvw dv d suhglfwlyh glvwulexwlrq/ lqvwhdg ri phuh vxppdu|
vwdwlvwlfv dqg phdvxulqj wkh ydoxh lq whupv ri wkh hhfw rq d ghflvlrq pdnhu
duh zruwk nhhslqj lq plqg zkhq xqghuwdnlqj d iruhfdvwlqj surmhfw1
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